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Abstract

A relationship was discovered between the amptibicefactor and the number of load increments
that are needed to limit the relative error to peecent in a second-order elastic analysis with a
predictor-corrector solution scheme. Previous mesely the authors proposed a design equation
to determine the required minimum number of loactements based on an evaluation of the
elastic critical buckling load ratio. Further resdahas shown that an approximate amplification
factor equation that is based on tBe multiplier equation produces similar results whhe
amplification factor is less than approximatelyrfdtifteen moment frames are used to verify the
use of the new approximate amplification factothie proposed design equation. Discussion is
provided on when the new amplification factor canused effectively to determine the required
minimum number of load increments in a second-oetkestic analysis.

1. Introduction

The strength requirements of frames are often aw@dliconsidering geometric nonlinear effects,
which requires the engineer to make decisions abeutquired modeling effort and its associated
computational time to achieve a desired level alugacy. For steel frames modeled with beam
elements, these nonlinear effects are accountedsiog a solution scheme that incrementally
applies the loads to approximate the ‘exact’ efguiim of the frame in the deformed configura-
tion. The accuracy in modeling the frame in thisfaguration is dependent upon the number of
load increments that are used to apply the extévadk. Increasing the number of load increments
to improve accuracy often comes at the cost oesmed computational time since frame models
often have a large number of degrees of freedommaritiple load combinations to consider. The
effects of nonlinear material behavior may alsodnebe considered, but since the majority of
routine building design considers only elastic matdehavior (Ziemian and Ziemian 2021), this
other contributing influence on the number of lad@ctements is ignored in the present study.

The number of load increments that are necessagttieve a 1% relative error in a second-order
elastic analysis was previously evaluated by tlieas (Faramawi and Rosson 2024). A total of
26 frames were modeled with an initial geometripaémniection of H/500 and increment size of
0.001 in a predictor-corrector solution schemelitam the ‘exact’ lateral displacement results at
the top of the frame. It was found that the amgdifion factor AF) of the frame can be used to
determine the minimum number of load incrementsnd/the frame’s elastic buckling load factor
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a.- to approximate the amplification factaF,__ (Merchant 1954, Eurocode EN 1993-1-1 2005,
and AS 4100 2020), the displacement results usiagimber of increments equal by, = — 2
were compared with the ‘exact’ displacement resaris found to be within a 1% relative error.

This study explores the use of an alternative netb@pproximate the amplification factor using
the B> multiplier equation in AISC 360, Appendix 8 (202Zhe approximate amplification factor
AFg, is calculated by performing a first-order analy#ien the interstory drift values are updated
based on the approprigBe multiplier at each level to approximate the secorakr displacement
at the top of the frame. It also investigates laagaplification factors than previously studied by
increasing the gravity loads on 11 multi-story benark frames.

The frames were modeled in the MASTAN2 (2022) asialgoftware, which accounts for second-
order effects using an Updated Lagrangian formutat@nd for this study, the predictor-corrector
solution scheme. The software is also capable dbpring a linear buckling analysis using the
inverse iteration method (McGuigt al. 2000). All members were modeled as planar 6-def |
elements with elastic material behavior and aliiktanodels have out-of-plumb geometries.

2. Frame Amplification Factors

Numerous second-order elastic analyses were cagditctdetermine the minimum number of
load increments that were needed to limit the iradagrror to 1% or less. Frames were modeled
with an initial geometric imperfection of H/500 aad increment size of 0.001 in a predictor-
corrector solution scheme to obtain the ‘exactultss The amplification factor was evaluated for
each analysis condition using Eq. 1, wh&sg; is the lateral displacement of the top left node
from a second-order elastic analysis, and is the displacement at the same location fromsé fi
order analysis.

0
AF = 2nd (1)
8151:

The ‘exact’ amplification factoAF can be approximated #F, __ using the elastic buckling load

ratio of the framex., as given in Eurocode EN 1993-1-1 (2005) and AS)42020). The critical
buckling loadP., in Eq. 3 is obtained using closed-form equatiarssimple frames or from an
eigenvalue analysis for more complex frames, arid #e applied load on the frame. When
performing an elastic critical load analysis in MB&N2, ., is the Mode #1 Applied Load Ratio.

1
Acr = (2)
1-Ya,

_ Per 3)

The B> multiplier in Eq. 4 is from Appendix 8 of AISC 3§2022) and is used to account for the
P-A effect of each story. In this application, 8emultiplier is calculated for each story, where
is taken as 1P«ory is the total axial load supported by the stoBP{), andPe «ory is the elastic
critical buckling strength of the story in the ditien of translation being considered.
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The elastic critical buckling load can be deterrdibg an eigenvalue analysis or by using Eq. 5.
In this equationH represents the total story shear in the direatiotranslation ¢V;), L is the
height of the story, anfl4 is the first-order interstory drifRv is taken as 0.85 for moment frames.
Fig. 1 illustrates the components of Eqgs. 4 and 5.

HL
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Figure 1: Frame witB, equation components

Using first-order analysis results of the appliedds on the frame, Eq. 6 is used to convert the
lateral displacement at each levéi)to the corresponding interstory drift values ).

1 6, Ay
-1 1 5, A,
-1 1 6u—:l An—l
-1 1 )

The Ci; coefficients in Eq. 7 follow from th8, multiplier equation and are used to convert the
first-order drift values to approximate second-ordéerstory drift values. The variables in Eq. 7
are illustrated in Fig. 1.
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Multiplying the first-order drift values by a diagal matrix of theC;; coefficients results in the
approximate second-order interstory drift valuA$)

Cia 17 4 A}
Ca 4, Ay
Cs3 Az | _ ) A3 (8)
Cn*i,nfl ij—""1'11—1 A;l—l
Cn,n- An A:n

The sum of the second-order drift values\{) gives an approximation fa@r,,,; in Eq. 1, and
sinced; is the same a8,, the approximate amplification factAF, is given as

!

)
AFBZ = 6_l (9)

n

3. Minimum Number of Incrementsin a Second-Order Elastic Analysis

All frames were modeled with an initial geometmeperfection of H/500 and an increment size
of 0.001 in a predictor-corrector solution schemelttain the ‘exact’ results. Four different load
magnitudes were modeled for each frame stiffnesdition. Frames 1 through 3 uge= 1, 8, 24
and correspond with frame designations A, B, ance§pectively.
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Figure 2: Frame 1 properties

As indicated in Fig. 3 with Frame 1, a linear relaship exists between the minimum number of
load increments that are needed to keep the relatior below 1% and the ‘exact’ amplification
factorAF. A regression analysis of the data revealed a s&png linear relationship (red line,

r2=0.9987). With a slope of approximately 5 anuhtercept of approximately 3, Eq. 11 was
proposed for design purposes to determine the mimimumber of load increments to use in a



second-order elastic analysis with the predictarestior solution scheme (Faramawi and Rosson
2024). 1t conservatively uses 2 for tixntercept because only the integer result is uaad, it
also ensures the relative errors remain below 1%.

Number of Increments = 5AF — 2 (11)
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Figure 3: Number of increments vs. amplificatiootéa for Frame 1 (relative errer1%)

As indicated by the dashed red line in Fig. 3, tiedcorresponding data associated with it using
AF,_ andAFg, in Eg. 11, the minimum number of load incremends found to produce second-
order elastic results that are within 1% of thea@kresults. Fig. 3 and data in Appendix A reveal
that all the required number of increments usinglHgemain above the actual minimum number
of increments. Thus, Eg. 11 is found to be condemvand can safely be used for this purpose.
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Figure 4: Frame 2 properties



As indicated in Fig. 5 with Frame 2, a similar Bmerelationship exists between the minimum
number of load increments and the amplificatiortdescas that given in Fig. 3 with Frame 1.
A regression analysis of the data revealed a gifinilear relationship (red line? = 0.9994) with
approximately the same slope apthtercept. As with Frame 1, the useAdf,  andAFg, in
Eq. 11 was found to produce conservative results Gam safely provide second-order elastic
results that are within 1% of the ‘exact’ results.
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Figure 5: Number of increments vs. amplificatiootfa for Frame 2 (relative errgrl%)
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Figure 6: Frame 3 properties

Frame 3 in Fig. 6 is very similar to Frame 2, tidyalifference is the internal hinge at the top of
the middle column. This frame was used to deternfitiee hinge had any effect on the results. A
similar linear relationship exists between the mimm number of load increments and the
amplification factor. The results in Fig. 7, ane ttorresponding data in Appendix B, reveal that



the internal hinge has no effect on the use oflHg.and it can safely be used to determine the
minimum number of load increments.
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Figure 7: Number of increments vs. amplificatiootéa for Frame 3 (relative errer1%)
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Figure 8: Frame 4 properties

Frame 4 in Fig. 8 was developed to evaluate thecefeness of Eq. 11 on a more complex
unbraced frame. A linear buckling analysis was cated using MASTANZ2 on six different beam

and column stiffness configurations as indicate@ahle 1. Six configurations (A through F) were
used to conduct second-order elastic analyses faith magnitudes of external load for each
configuration.
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Table 1: Analysis conditions and results for Fraine
Configuration 1 1a Ple
A 2 1.352
B 8 2 1.677
C 24 2 1.768
D 0.5 1 2.406
E 1 3.160
F 12 1 3.426

As indicated in Fig. 9, a similar linear relationskexists between the minimum number of load
increments and the amplification factor as thaegiin Figs. 3, 5, and 7 for Frames 1, 2, and 3,
respectively. A regression analysis of the dataad a similar linear relationship (red liné =
0.9961) with approximately the same slope wiickercept. As with the previous frames, the use
of AF,_. andAFg, in Eq. 11 for Frame 4 was found to produce seamdér elastic results that

were within 1% of the ‘exact’ results.
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4. Validation Study with 11 Benchmark Frames

With the successful utilization of Eq. 11 in theeyipus section, 11 moment frames that were
developed by Lt al. 1977, Vogel 1985, and Statldral. 2011 were used to test the validity of
this expression to determine the minimum numbeoadl increments in a second-order elastic
analysis using the predictor-corrector solutionesob. An overview description of Frames 5
through 15 is given in Fig. 10, and the analyssults for these frames are given in Appendix C.
Frame designation A indicates the original stifxasd loads as those given in the Benchmark
Problems file of MASTAN2 (2022). Frame designat®mdicates the same stiffness conditions
but with increased gravity loads to produce laayaplification factors for all 11 frames. This was
necessary because the original loads resultad values between 1.153 and 1.686, but with the
increased loads th&F values ranged between 1.755 and 3.373.

Frame Load
No. Description Geometry Combination
= 6 stories, 2 bays 1.2D + 1.0L +
[Vogel 1985] 0.5L, +1.0W
10 stories, 3 bays: t
2 B
i 0.4, ?‘LL":E?” R 12D+ 1.0L +
= ons [Lu et al.
SL,+1.0W
1977; Statler et al. : Solsril0
201 l] e B e e A B
10 10 stories, 5 bays 1.2D+1.0L +
[Luetal. 1977] 0.5L, +1.0W
1 20 stories, 1 bay 1.2D+ 1.0L +
[Lu et al. 1977] 0.5L, +1.0W
12 26 stories, 3 bays 12D+ 1.0L +
“ [Luetal 1977] . 0.5L, +1.0W
']
g
7]
13 30 stories, 2 bays 12D+ 1.0L +
3
B [Luetal. 1977] W 0.5L,+1.0W
v own Tn W
m bays
14 30 stories, 2 bays 1.2D+1.0L +
[Luetal. 1977] 0.5L, +1.0W
15 40 stories, 2 bays 1.2D + 1.0L +
’ [Luetal. 1977] 0.5L, +1.0W

Figure 10. Overview of benchmark Frames 5 — 15

As indicated in Fig. 11, a similar linear relatibisexists between the minimum number of load
increments and the amplification factor (red liné= 0.9914); however, there is a steeper slope
to the line than before. Nonetheless, Eq. 11 wiéaind to produce results for all 11 frames that
were within 1% of the ‘exact’ results. Fig. 12 dtuates the reason why this remains the case. The
AF, andAFg, values are always slightly larger than the acAkavalues. This results in higher

Acr



values for the minimum number of increments in Efj.compared with the ‘exact’ results; thus
they are conservative and always within 1% of #wired minimum number of load increments.
Fig. 12 also illustrates that usiAd'z, to determine the number of increments resultdigity

higher values than those produced ugiig_ , especially for amplification values greater than

approximately 2.
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5. Conclusions

Based on the displacement results of the four walskframes and 11 benchmark moment frames,
a linear relationship was discovered between thpliioation factor and the number of load
increments that are needed to limit the relativerdn 1% in a second-order elastic analysis with
a predictor-corrector solution scheme. The integsult of5AF — 2 is proposed for routine design
purposes to determine the minimum number of loadements. Since a linear buckling analysis
is required to calculat&F,_, an amplification factor based on tBg multiplier equation was
investigated as an alternative. The usAlgf, was found to produce reliable and accurate results
up to an amplification factor of approximately h€elAFg, results were very comparable to those
usingAF,_, especially for amplification factors below approately 2. It is recommended to

limit the use ofAFg, to amplification factors below 4; however, sincestdesign conditions have
amplification factors well below this thresholdjngAFg, to determine the minimum number of
load increments in a second-order elastic anatgsisbe confidently and widely used in practice.
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Appendix A (Resultsfor Frames1 and 2)

'"Exact’ Actual Eq. 11 Eq. 11
Frame AF Increments AF . Increments AFg, Increments
1.362 3 1.372 4 1.388 4
1A 1.664 4 1.685 6 1.722 6
2.142 7 2.184 8 2.267 9
3.007 11 3.101 13 3.320 14
1.114 1 1.118 3 1.116
1B 1.444 3 1.464 5 1.453
2.057 2.118 8 2.083
3.608 14 3.834 17 3.672 16
1.110 1 1.114 3 1.111 3
1 1.425 3 1.445 5 1.429 5
1.997 6 2.056 8 2.001 8
3.353 13 3.560 15 3.340 14
'Exact’ Actual Eq. 11 Eq. 11
Frame AF Increments AF . Increments AFg, Increments
1.357 3 1.362 4 1.392 4
A 1.653 4 1.663 6 1.731 6
2.114 7 2.135 8 2.288 9
2.939 11 2.981 12 3.373 14
1.712 5 1.730 6 1.710 6
B 2.085 7 2.116 8 2.078 8
2.671 10 2.724 11 2.648 11
3.717 15 3.822 17 3.656 16
1.679 5 1.697 6 1.665 6
2C 1.946 6 1.973 7 1.920 7
2.556 9 2.606 11 2.493 10
3.730 15 3.840 17 3.556 15
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Appendix B (Resultsfor Frames 3 and 4)

'"Exact’ Actual Eq. 11 Eq. 11
Frame AF Increments AF . Increments AFg; Increments
1.566 4 1.568 5 1.699 6
3A 2.069 7 2.074 8 2.426 10
2.632 9 2.641 11 3.393 14
3.618 14 3.634 16 5.648 26
1.228 2 1.231 4 1.247 4
3B 1.593 4 1.601 6 1.657 6
1.988 2.001 8 2.122 8
2.645 10 2.670 11 2.946 12
1.212 2 1.214 4 1.225 4
3C 1.539 1.546 5 1.580 5
2.407 8 2.430 10 2.576 10
2.803 10 2.836 12 3.058 13
'Exact' Actual Eq. 11 Eq. 11
Frame AF Increments AF o Increments AFg; Increments
1.162 2 1.174 3 1.312 4
AA 1.392 3 1.420 5 1.401 5
1.743 5 1.798 6 1.775 6
2.350 8 2.449 10 2.463 10
1.356 3 1.425 5 1.426 5
B 1.591 4 1.717 6 1.718 6
1.937 6 2.159 8 2.161 8
2.942 12 3.517 15 3.528 15
1.424 3 1.514 5 1.500 5
AC 1.671 5 1.827 7 1.801 7
2.033 7 2.302 9 2.251 9
3.094 13 3.778 16 3.602 16
1.188 2 1.199 3 1.193 3
AD 1.469 3 1.498 5 1.490 5
1.935 6 1.995 7 2.013 8
2.860 11 2.986 12 3.217 14
1.160 2 1.188 3 1.192 3
AE 1.578 4 1.699 6 1.721 6
1.943 6 2.164 8 2.212 9
2.366 9 2.724 11 2.812 12
1.154 2 1.171 3 1.138 3
AF 1.697 5 1.779 6 1.686 6
2.253 8 2.402 10 2.225 9
3.407 14 3.699 16 3.457 15
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Appendix C (Resultsfor Frames 5 through 15)

'Exact’ Actual Eq. 11 Eq. 11
Frame AF Increments AF, ., Increments AFg, Increments
SA 1.161 2 1.167 3 1.178 3
5B 1.811 5 1.872 7 2.022 8
6A 1.172 2 1.195 3 1.202 4
6B 2.586 10 2.980 12 3.682 16
TA 1.329 3 1.372 4 1.399 4
7B 1.948 6 2.112 8 2.326 9
8A 1.523 4 1.598 5 1.674 6
8B 2.290 8 2.536 10 3.106 13
9A 1.686 5 1.789 6 1.919 7
9B 2.510 10 2.808 12 3.567 15
10A 1.220 2 1.258 4 1.245 4
10B 1.755 5 1.919 7 1.988 7
11A 1.153 1 1.171 3 1.273 4
11B 2.739 11 3.500 15 4.182 18
12A 1.196 2 1.214 4 1.336 4
12B 3.373 14 3.817 17 6.401 30
13A 1.197 2 1.206 4 1.234 4
13B 2919 11 3.088 13 4.408 20
14A 1.170 2 1.177 3 1.204 4
14B 2.002 6 2.056 8 2.398 9
I5A 1.180 2 1.186 3 1.218 4
15B 1.808 5 1.836 7 2.076 8
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