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Abstract

A two-node beam finite element for thin-walled web- and flange-tapered I-section members is
proposed in this paper. The element is based on the geometrically exact concept, meaning that the
underlying formulation is independent of the magnitude of the displacements and rotations
involved. 3D behavior is allowed, together with eccentric load effects, torsion-related warping and
Wagner effects. All expressions required to implement the proposed finite element are provided
in a simple matrix-vector format. A set of numerical tests is presented, to provide evidence of the
accuracy and computational efficiency of the proposed element in linear, linear stability
(calculation of bifurcation loads and buckling modes) and large displacement analyses. For
comparison purposes, results taken from the literature, as well as refined shell finite element model
solutions, are presented.

1. Introduction

Tapered I-section members are aesthetically appealing and structurally efficient, but their behavior
is significantly more complex than their prismatic counterparts. For this reason, advanced
structural analysis frequently relies on shell finite element (FE) models, due to the widespread
availability of such elements in commercial programs. However, shell FE models are
computationally expensive and do not provide the structural insight typically conveyed by beam
FEs, namely information regarding internal forces and moments, as well as section-wise strain
parameters such as extension, bending/torsion curvature and torsion-warping. In fact, if cross-
section local deformation is not significant, beam elements should be favored.

Tapered beam models are more intricate than their prismatic counterparts, since it is necessary
consider the variation of the cross-section along the length, as well as the inclination of the stresses
and strains in the flanges. Several such beam elements, namely for tapered I-sections, have been
proposed in the past. Most of these research efforts target the calculation of bifurcation loads and,
in some cases, they also examine the linear solutions for the torsion problem, since tapered
geometries require special attention to this case (see e.g. Kitipornchai & Trahair 1972, Ronagh et
al. 2000a, b, Andrade & Camotim 2005, Trahair 2014). Regarding large displacements, the
available research is scarcer. Boissonnade and Maquoi (2002) presented a tapered I-section beam
FE that, even though includes some assumptions, allows large displacements using a corotational
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description. However, in the validation examples presented, the torsional rotations are quite small
(below 6°). The beam element proposed by Mohri et al. (2015) allows large twist angles, but only
small bending rotations.

The geometrically exact beam theory — proposed by Reissner (1972, 1973), for the 2D case, and
Simo (1985) for the spatial case — relies on exact nonlinear kinematics, via centerline position
and rigid cross-section finite rotations, to describe finite strains. Consequently, it is independent
of the magnitude of the displacements and rotations involved. The geometrically exact concept
was first applied to tapered members by the author in a series of papers concerning thin-walled
rectangular sections (Gongalves 2023a, 2023b, 2024a). In Gongalves (2024b) this work was
summarized and extended to tapered cruciform cross-sections, in which case the beam can be
modeled using two walls with coinciding centroids, considering only secondary (through-
thickness) torsion-warping.

The present paper extends the previous work to the more general case of tapered I-sections. Both
flanges and web can be linearly tapered and allowance is made for 3D behavior, load eccentricity
with respect to the centroid, torsion-related warping and Wagner effects. The formulation is
implemented in a two-node beam FE, and its accuracy is shown in a set of numerical tests involving
linear, linear stability (bifurcation loads and buckling modes) and large displacement analyses. For
comparison purposes, results taken from the literature, as well as results obtained with refined shell
FE models, are presented.

Concerning the notation, the prime indicates a derivative with respect to X3, while derivatives with
respect to X; and X, are represented by subscript commas, e.g. f' = df /dX3 and f; = df /dX;.
A tilde @ indicates an anti-symmetric matrix whose axial vector is a, 0,,x;, 1S an n X m matrix of
zeros, and 1,, represents the n X n identity matrix. A virtual variation is indicated by §, whereas
A denotes an incremental-iterative variation.

2. A geometrically exact beam element for tapered I-sections

2.1 Kinematics, strain and equilibrium

As shown in Fig. 1, the beam is considered an assembly of three walls, and three configurations
are defined for each one. The reference configuration is identical for all walls, with X,, X5 €
[—1,1] and X; € [—t/2,t/2], where t is the wall thickness. The initial configuration for each wall
is then mapped using

Xo =T+ Aolo, (1)
lO = LC + R(XlEl + (1 + T)XzEz), (2)

where r((X3) is the position vector of the cross-section centroid G, A, is the cross-section rotation
tensor, assumed constant for each element, L is the position vector of the wall centroid C with
respect to G (hence L, = 0 for the web, while for the flanges it depends on the web taper), R is
the rotation tensor of the wall and t(X3) is the taper function, assumed linear in this paper. The
cross-section rotation A, is deemed constant for each element and no shearing occurs, hence
Alry = g4E5, where g, = ||1p]| is the axial stretch from the reference to the initial configurations.
For the web one has R = 13, while for the flanges R = R;R3, a composition of two rotations



where R5 is a positive 90° rotation along E5 (note the position of point A in the reference and
initial configurations) and R, is a rotation along E;, dependent on the web taper function.

For the current configuration one uses

X = 1'0 + ﬁ + KAO (lO + a)ﬁRE3), (3)
r A l

where (X3) is the displacement of the cross-section centroid G, A(X3) is the cross-section
rotation tensor between the initial and current configurations, w(X;, X, X3) is the torsion-related
warping function (to be determined) and p(X5) is an amplitude function. It should be noted that
warping occurs along RE 5, hence is inclined with respect to the member axis (the line of G).

Initial configuration A

beam axis

A(t/2,1,-1)

Reference configuration

v Current configuration

Figure 1: Reference, initial and current configurations of the tapered I-section beam

A back-rotated Green-Lagrange strain measure is used, reading

E=2A3(F'F—1)A =5 (Xi)=1(9:- 9))4y - 1), @)
Aij = GO_TEi ® E]Gal,
with
—dx _ _ dxo _ F=9 _ pp-1
F=3,=AG, Fo=22=0AG, F=:"=FF (5)
1 0 —G13/G3s
Go=Y7 190 ®E;, G;'=|0 1/G), —G23/G3G%|, (6)
0 0 1/GY,
G, =1+7, G =gos E;, 6=%]_19:E; =%}_1(goi +§) QE,, (7)



go1 = E; J.=w
go2 = GE; = (1 +1)E, 92 = wpE; ®)
g03 =r0+E3+RTL,C'+TIX2E2 g f‘

where the extension-shearing strains (Iy, I, I') and curvature K measures are given by

rO = (A()R)Tr6 - E3 ES RT80E3 - E3
= (AR)'r —E,

- 9
F=r-T, ©)
K =ATAN = ATAA'A,
The calculation of the strains requires the development of
9i°9;=90i"90j t90i°G;+9i 9o; +9:" 3, (10)

but the nonlinear underlined term is only preserved for the calculation of the longitudinal strains
(hence i = j = 3), to allow capturing Wagner effects. After some algebra, it can be shown that the
only non-null strain components correspond to two shear strains and the longitudinal strain,
reading

A 1 ~  E133
Bra = 2 (o, + 222
13 = 5\ @1P &2,
2 1(w,p | Exgs
B = 1(222 4 Bl
3 11
2\ G3, G3s (11)
I __G3waP  GwaPp | Esgs |, 9303
33 — 2
G3s G2,G33 G3s 2(633)

Since the beam is thin-walled, it can be assumed that the warping function is subdivided according
to w = w + X,y , where @ is the mid-line or membrane component, and 1 is the through-
thickness or secondary component. These components can be obtained from the Kirchhoff
constraint (E;3 = 0) and the Vlasov constraint (E,3(X; = 0) = 0) for uniform torsion, leading to

0
Goz

w = G_%Xz(_l'cz + cos B X1), (12)

where L, is the X, component of L. for the particular wall under consideration, and £ is the
rotation angle pertaining to R;. Note that the warping function depends on X3 even if G3,, G5 are
constant, due to L.

For a standard Saint Venant-Kirchhoff material law, the second Piola-Kirchhoff stresses S are
related to the strains according to § = CE, with

533 E33 E 0 O
§$=|S3|, E=|2Es|, C=|0 G 0]’ (13)
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where E is Young’s modulus and G is the shear modulus. Then, from the virtual work statement,
the equilibrium equations read

W =—[ 6ETS JodV + 6x-Q =0, (14)

where V is the beam volume at the reference configuration, J, = det(F,) = det(G,) = G5,G35,
Q is a concentrated force (considered here instead of more general loads for simplicity purposes)
and &x is the virtual variation of the work-conjugate position vector.

2.2 The finite element

A two-node beam FE is obtained by interpolating the nodal values of the displacement u, the
weight of the warping function p and the rotation vector 8 using linear functions. The latter vector
is employed to parametrize the rotation tensor A, thus allowing additive updates and a
straightforward geometric interpretation of rotations (Cardona & Géradin 1988, Ritto-Corréa &
Camotim 2002, Peres et al. 2010). The element therefore has 7 DOFs per node and a total of 14
DOFs. The linear, linear stability and non-linear FE procedures were implemented in MATLAB
(2024). For the non-linear case, the load-displacement path is traced using displacement control at
a single DOF.

With one Gauss point integration along X3, to avoid locking, the element stiffness matrix and
internal force vector read

1 t/z CcE - _
K. = Za/alls=1 _177 ] f f t/2 17:; Epg t ‘=D2E'(S))]O dX,dX;,

(15)
1 t/2 o
F, = Za/alls=1 _177 1 ] f ft/z gES JodX dX;,
with the auxiliary matrices
Ew,
— Ew.
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2G%Epg,
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Ep2g(S) = Epzg, + 2B6E]5,Epg,,
(0353 03,3 03,1 0353 03,3 03517
Ep23(D,1") T _
<+ED2T(SJ§,)) 03><1 :‘D/A\(D) :‘DT(S) 03)(1
EDZg3 = 0 0143 0,43 0 | 17
Osxs  Osxz  Os (a7)
03,3 0351
[Sym. 0 |
B;
B=S57G, C=|B.|+2Bsgs, D=A,RC, €= A,l,RC,
Bs

where the auxiliary matrices 37, Ep57, Ep2z and Ep27 depend on the rotation vector and are
given by Ritto-Corréa and Camotim (2002).

3 Numerical examples

A series of illustrative numerical examples is presented next, to show the accuracy of the proposed
beam FE. For comparison purposes, reference solutions are provided, taken from the literature
and/or obtained using refined MITC4 shell FE models, using ADINA (Bathe 2022). The
differences with respect to the reference solutions are calculated using € = (dpeam — drer)/dref
where dpeqm 18 the solution obtained with the proposed element and d,.. ¢ is the reference solution.
All examples concern cantilevered beams with warping prevented at the fixed end, since in this
case the boundary conditions are easily modeled using shell FEs. The cantilevers are subjected to
forces and moments applied at the free end.

3.1 Linear analysis

A set of linear analyses are first carried out. Fig. 2 concerns a web- and flange-tapered cantilever
subjected to free end 1 kN forces acting along each one of the global axes, causing bending or
axial extension. The figure displays the beam geometry and material parameters, the deformed
configurations for the proposed beam FE, as well as the displacement of the loaded point obtained
with the proposed element and refined shell element models, showing an excellent match
(differences below 1.5 %). It should be noted that the beam results shown were obtained with 15
equal length elements mainly to enhance the visualization of the deformed configurations, since
less elements can provide equally accurate results (for instance five elements suffice for the force
along X case).

Fig. 3 concerns a standard benchmark example taken from the literature that assesses, for
cantilevers subjected to a free end torque, the torque-free end rotation relation (T /¢) as a function
of the web taper parameter a. The graph shows this relation, calculated with the proposed beam
element (15 equal length elements) and provided by other beam elements from the literature
(Kitipornchai & Trahair 1972, Ronagh et al. 2000b, Andrade 2005). Clearly, all solutions virtually
overlap. It should be noted that, as a consequence of the inclination of the flanges, the minimum
value occurs for @ = 0.4, rather than for the minimum a.
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Figure 2: Linear analysis of a cantilever subjected to free end forces
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Figure 3: Linear analysis of cantilevers subjected to a free end torque

3.2 Linear stability analysis

Another benchmark example is reported in Fig. 4, in this case concerning a cantilever subjected to
end forces acting along X>, which trigger lateral-torsional buckling. The figure shows the problem
geometry, the critical buckling modes obtained with the proposed beam FE (15 equal length
elements), for top flange, centroid and bottom flange loading, as well as the normalized critical

bifurcation loads P.,.L?/,/EI,G] (with EI,G] calculated at the fixed end), obtained by Ronagh et

al. (2000b), Andrade (2005), the present beam FE and refined shell FE models. When the loads
are applied at the centroid of the flanges, the tangent stiffness matrix must include the term

ASx-Q = AB - Ep25(AyLc, Q)50, (18)



which reflects the work of the external force Q when the cross-section rotates. A very close match
between all models is observed, being worth noting that the proposed model is the closest to the
shell FE solution, with differences e < 2.4 %. Note also that top/bottom flange loading have a
destabilizing/stabilizing effect, respectively, with respect to centroid loading. The buckling modes
are slightly different, with top flange loading leading to a higher twist of the free end cross-section.
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Figure 4: Linear stability analysis of a cantilever beam subjected to a free end force along X,

3.3 Large 3D displacements

Finally, an example concerning large spatial displacements and rotations is presented in Fig. 5.
The load equals 4 X 1 kN, where 4 is the loading parameter, and is applied at the centroid of the
free end cross-section, at 45° along X; and X,, causing biaxial bending and torsion. The graph
shows the evolution of the loaded point displacement components with A, obtained with the
proposed beam model (15 FE) and a refined shell model (7670 FE). An excellent match is observed
for all displacement components up to the onset of flange local buckling, which occurs for 1 =
260, as shown by the wavy patterns in the detail of the shell model deformed configuration.
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Figure 5: Nonlinear analysis of a cantilever beam subjected to a 45° end force




4. Conclusions

This paper proposed a geometrically exact 7 DOF two-node beam FE for thin-walled web- and
flange-tapered I-section members. The element can handle large 3D displacements and rotations,
eccentric loads and torsion-related warping. A close-form solution for the warping function was
derived based on the Kirchhoff and Vlasov assumptions. Even though the underlying mathematics
are quite involved, simple expressions are provided in the paper to facilitate the FE
implementation. Several numerical examples were presented, to show the accuracy and
computational efficiency of the element in linear, linear stability (calculation of bifurcation loads
and buckling modes) and path-following large displacement analyses. In all cases a virtually
perfect match with reference solutions was found, with the latter either taken from the literature or
obtained using refined meshes of standard shell FEs.

One final remark to mention that the author is currently working on extending the present
formulation in order to be able to include arbitrary warping functions and more general cross-
section deformation.
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